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We show that the hyperelliptic curves y2=x5+x3+x2&x&1 and y2=x5&
x3+x2&x&1 over the field with three elements are not geometrically isomorphic,
and yet they have isomorphic Jacobian varieties. Furthermore, their Jacobians are
absolutely simple. We present a method for constructing further such examples. We
also present two curves of genus three, one hyperelliptic and one a plane quartic,
that have isomorphic absolutely simple Jacobians.  1996 Academic Press, Inc.
1. Introduction
As an amusing application of the work of Ibukiyama, Katsura, and Oort
on supersingular curves of genus two ([8]), one can find explicit examples
of non-isomorphic curves whose Jacobians are isomorphic to one another
as unpolarized abelian varieties. For example, by using [8, Lemma 1.5,
Proposition 1.8, Proposition 1.3] and [13, Theorem 3.5], one can show
that the curves y2=(x3&1)(x3+1) and y2=(x3&1)(x3&4) over F11 are
not geometrically isomorphic to one another, and yet their Jacobians are
both geometrically isomorphic to the product E_E, where E is a super-
singular elliptic curve over F11 . One can find similar examples, with curves
of genus three rather than genus two, by using the work of Brock ([1]).
The curves in these examples all share the feature that their Jacobians are
not absolutely simple; that is, their Jacobians are isogenous over the
algebraic closure of the base field to products of lower-dimensional abelian
varieties. Since a generic abelian variety is absolutely simple, it is natural
to wonder whether it is possible to find explicit examples of non-
isomorphic curves whose Jacobians are isomorphic to one another and are
absolutely simple.
There is an obvious strategy for finding such examples. Suppose one can
find a two-dimensional abelian variety A that has two non-isomorphic
principal polarizations * and +. Then a result of Weil ([16, Satz 2, p. 37],
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see also [12]) shows that there are two possibly singular curves C and D
whose polarized Jacobians are (A, *) and (A, +), respectively, and Torelli's
theorem shows that C and D are not isomorphic to one another. Examples
of two-dimensional abelian varieties with several isomorphism classes of
principal polarizations are given by Hayashida and Nishi ([4, 5]), by
Ibukiyama, Katsura, and Oort ([8]), and by Lange ([9]). Any of these
abelian varieties will in principle lead to pairs of non-isomorphic curves
with isomorphic Jacobians, but there is a catch: It is difficult in general to
find explicit equations for a curve given only the curve's polarized
Jacobian, unless the curve has more than two automorphisms. However,
curves with many automorphisms have Jacobians with many auto-
morphisms, and principally polarized abelian varieties with many auto-
morphisms are virtually never absolutely simple (see for example [10, Sec-
tion 11.7, pp. 344348, and Exercise 12, p. 319]). Thus, the extra require-
ment that the curves have absolutely simple Jacobians is exactly what
makes it difficult to determine the curves explicitly.
In this note we will show that if we work over finite fields we can resolve
this conundrum in certain situations. That is, we will show that if we are
given Weil numbers with certain special properties, we can, with a finite
amount of work, find equations defining pairs of geometrically non-
isomorphic curves with isomorphic Jacobians that are absolutely simple. It
is possible to find Weil numbers with the right properties, and the finite
amount of work is manageable in small cases. Thus the strategy we suggest
leads to examples like the one in the following theorem.
Theorem 1. Let C and D be the hyperelliptic curves over F3 defined by
the equations
y2=f (x)=x5+x3+x2&x&1
and
y2=g(x)=x5&x3+x2&x&1,
respectively. Then C and D are not geometrically isomorphic to one another,
and yet they have isomorphic Jacobians. Furthermore, their Jacobians are
absolutely simple.
We will prove this theorem in Section 2. In Section 3 we will single out
the two main properties of the isogeny class of abelian varieties containing
the Jacobians of the curves in Theorem 1 that make the proof of the
theorem possible. We will show that every isogeny class of absolutely sim-
ple two-dimensional ordinary abelian varieties that has these two proper-
ties leads to an example of geometrically non-isomorphic curves of genus
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two with isomorphic absolutely simple Jacobians. Theorem 2 of Section 3
gives us a way of identifying some of the isogeny classes with these proper-
ties; we use this theorem to give a few further examples at the end of
Section 3. Also at the end of Section 3 we give an example of two curves
of genus three, one hyperelliptic and the other a plane quartic, whose
Jacobians are absolutely simple and isomorphic to one another.
One is led to ask whether there exist pairs of non-isomorphic curves of
genus greater than three that have isomorphic Jacobians. Apparently the
only result in this direction is one of Ciliberto and van der Geer, who show
in [2] that over the complex numbers there do exist pairs of non-
isomorphic curves of genus four that have isomorphic absolutely simple
Jacobians.
Notation. If A and B are varieties over a field k, then by a morphism
from A to B we always mean a k-morphism. If l is an extension field of k,
we will denote by Al the l-scheme A_Spec k Spec l.
2. Proof of Theorem 1
Let us begin with some general observations about our situation. Let
k=F3 , let k be an algebraic closure of k, and let l be the quadratic exten-
sion of k in k . Direct computation shows that *C(k)=*D(k)=3 and
*C(l)=*D(l)=11, so a calculation shows that the zeta functions of C
and D are both equal to `(x)=(1&x+x2&3x3+9x4)(1&x)(1&3x).
Curves with equal zeta functions have isogenous Jacobians, so there is an
isogeny class C of abelian varieties over k that contains the Jacobians of
both C and D. Let h be the characteristic polynomial of Frobenius for the
varieties in C; the polynomial h is equal to the numerator of `(x) with the
coefficients reversed, so h=x4&x3+x2&3x+9. The polynomial h is
irreducible. Let K be the field Q[x](h) and let ? be the image of x in K.
The algebraic integer ? is the Weil number of C. From [14] we know that
K is a CM-field, and complex conjugation on K takes ? to ? =3?. Let
;=?+? . The minimal polynomial of ; is x2&x&5, so the maximal real
subfield K+ of K is Q(- 21). Since the discriminant of K+ is 21, the dis-
criminant of K must be divisible by 212. Let R be the order Z[?, ? ] of K.
The formulas from [6, Section 9] show that the discriminant of the order
R is 212 } 37, so R must be the maximal order of K.
Lemma. The class number of K is two, the narrow class number of K+
is two, and the norm map Cl(K)  Cl+(K+) is an isomorphism.
Proof. An easy calculation shows that K+ has class number one, and
since 21 is divisible by two primes that are 3 modulo 4 a standard argument
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shows that the narrow class number h+(K+) of K+ is even. Since KK+
is ramified at a finite prime we know that h+(K+) divides the class number
h(K) of K, so h(K) is at least two. To show that h(K)=2 we can simply
find generators and relations for the class group of K. The Minkowski
bound for K is between 19 and 20, so the class group of K is generated by
the primes with norm less than 20. The primes of K+ with norm less than
20 are the principal ideals (2), ((3+:)2), (4+:), (4&:), ((7+:)2),
(2+:), and (2&:), where := &1+2(?+? ) is a square root of 21. The
first, fourth, and seventh of these ideals are inert in KK +, and so remain
principal in K. The remaining primes in the list split. Suppose we write
((3+:)2)=pp , (4+:)=qq , ((7+:)2)=rr , and (2+:)=ss , where p, q,
r and s are primes of K. The ambiguities between these primes and their
complex conjugates can be resolved in such a way so that we have (?)=p2,
(1+?)=p q, (&1+?)=r, and (4+?)=p r s. These relations are enough to
show that the class group of K is generated by p and has order at most
two. Thus h+(K+)=h(K)=2. Finally, since KK + is ramified at a finite
prime the norm map from Cl(K) to Cl+(K+) is surjective, and hence an
isomorphism. K
Note that the ideal (?)=p2 is not fixed by the non-trivial automorphism
of KK+, so no power of ? lies in K+. Since K+ is the only subfield of K
other than Q, we see that for all n we have K=Q(?n). This shows that the
varieties in C are absolutely simple and that End Ak =End A for every
A # C.
Now we show that C and D are not geometrically isomorphic. Suppose,
to get a contradiction, that Ck and Dk are isomorphic. The curve C is
hyperelliptic, so Torelli's theorem ([11, Theorem 12.1, p. 202]) shows that
Ck and its polarized Jacobian (J, *) have the same automorphism group.
The automorphism group of (J, *) is a finite subgroup of (End J)* and is
therefore a subgroup of the roots of unity in K. The only roots of unity in
K are 1 and &1, so *Aut Ck =2. This shows that if C$ is any curve over
k such that C$k $Ck then *Aut C$2. As is argued in [7, Section 2] for
elliptic curves, the sum of 1*Aut C$ over all k-isomorphism classes of
such C$ is equal to one, so up to isomorphism there is only one curve C$
over k that is not isomorphic to C but that becomes isomorphic to C over
k . One such C$ is the quadratic twist of C given by the equation
y2= &f (x). Thus, the curve D must be isomorphic either to C or to C$.
But *C$(k)=2(*k+1)&*C(k)=5{*D(k), so D must be isomorphic
to C. Pick an isomorphism i: C  D.
The equations defining C and D give us morphisms .: C  P1k and
: D  P1k . The first of these morphisms is ramified at infinity and the roots
of f, the second at infinity and the roots of g. Every isomorphism between
hyperelliptic curves comes from a fractional linear transformation of the
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projective lines lying under the curves, so i must take the ramification
points of . to those of . The polynomials f and g are irreducible over k,
so of these ramification points only the infinite points are defined over k.
Therefore i must take the infinite point of C to that of D, which shows that
i must be of the form i: (x, y) [ (r2x+s, r5y). For this to work we must
have r10f (x)=g(r2x+s). The coefficients of x4 in f and g are both zero, so
we must have s=0. By looking at the coefficients of x3 and x2 we see that
r4=&1 and r6=1, a contradiction. This shows that C and D are not
geometrically isomorphic.
Next we show that C and D have isomorphic Jacobians. The middle
coefficient of the polynomial h is coprime to the characteristic of k, so the
varieties in C are ordinary (see [3, Section 2]). In [3] Deligne gives a
down-to-earth description of the category of ordinary abelian varieties over
a finite field; this description is expanded upon in [6] to include the con-
cept of a polarization. Deligne's description shows that the category of
abelian varieties in the isogeny class C is equivalent to the category whose
objects are lattices in K that are modules over the ring R=Z[?, ? ] and
whose morphisms are R-module homomorphisms. Since R is the ring of
integers of K, the objects of this last category are simply the fractional
ideals of K. Thus the isomorphism classes of abelian varieties in C
correspond to the ideal classes of K. Suppose A is a variety in C that
corresponds to an ideal a of K. In [6, Sections 4 and 6] it is shown that
then the dual variety of A corresponds to the ideal (da )&1, where d is the
different of K. It is also shown that there is a totally imaginary @ # K such
that the polarizations of A correspond to totally positive elements x of K +
that satisfy @xa/(da )&1, and that x gives a principal polarization when this
inclusion is equality. Using this fact and the fact that the ideal @d is the lift
to K of an ideal of K+ (see [6, Lemma 5.1]), we find that there is an ele-
ment B of Cl+(K+) such that an ideal class U of K corresponds to an
isomorphism class of abelian varieties whose members have principal
polarizations if and only if N(U)=B, where N is the norm from Cl(K) to
Cl+(K+). Since this norm map is an isomorphism by the Lemma, only one
of the two elements of Cl(K) corresponds to an isomorphism class of
abelian varieties in C whose members have principal polarizations. The
Jacobians of C and D have principal polarizations, so they must both
belong to this class. In other words, the Jacobians of C and D are
isomorphic to each other. The proof of Theorem 1 is complete.
3. Constructing Further Examples
The isogeny class C we defined in the proof of Theorem 1 has two inter-
esting properties. First of all, it contains only one isomorphism class of
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abelian varieties whose members have principal polarizations; this property
was the critical element of our proof that C and D have isomorphic
Jacobians. On the other hand, C contains at least two isomorphism classes
of principally polarized varieties, because the Jacobians of C and D are not
isomorphic as polarized abelian varieties. Let us call an isogeny class of
absolutely simple two-dimensional ordinary abelian varieties over a finite
field amenable if it has these two properties. We will show that amenable
isogeny classes can be used to construct examples like the one in
Theorem 1, and in Theorem 2 below we will give a checkable criterion for
a Weil number to give an amenable isogeny class.
Suppose we have in hand a quartic polynomial h that is the minimal
polynomial of a Weil number that corresponds to an amenable isogeny
class C over a finite field k. Since C is amenable it contains two non-
isomorphic principally polarized varieties. If we extend the base field to the
algebraic closure k of k, we find that each of these polarized varieties is the
polarized Jacobian of a curve over k ([16, Satz 2, p. 37], [12]). A descent
argument using the fact that a hyperelliptic curve has the same
automorphism group as its polarized Jacobian shows that in fact each of
the two polarized varieties over k is the polarized Jacobian of a curve over
k. Thus C contains the Jacobians of two non-isomorphic curves over k. The
field k is finite, so we can write down a complete list of all the genus two
curves over k. For every such curve C, we can count the number of points
on C over k and over the quadratic extension of k to determine the zeta
function of C, and from the zeta function and our knowledge of h we can
determine whether the Jacobian of C lies in the isogeny class C. Thus we
can make a complete list of the isomorphism classes of curves over k whose
Jacobians lie in C, so we can actually find two non-isomorphic curves C
and D over k whose Jacobians lie in C. An argument using the fact that
the Jacobians of C and D are absolutely simple (and that therefore
the geometric isomorphisms between them all come from isomorphisms
over k) shows that C and D are geometrically non-isomorphic. However,
we know that C contains only one isomorphism class of varieties whose
members have principal polarizations, so the Jacobians of C and D must
both lie in this isomorphism class. Thus the curves C and D provide an
example of two geometrically non-isomorphic curves with isomorphic
absolutely simple Jacobians. In short, if we know the minimal polynomial
of the Weil number of an amenable isogeny class, we can construct an
example like the one in Theorem 1.
Amenable isogeny classes must satisfy an algebraic condition that is not
immediately obvious from the two properties that define them. To better
explain this condition, we will work briefly in a more general setting. Sup-
pose A is an abelian variety of any dimension over any ground field, and
suppose * is a principal polarization of A. Let E be the endomorphism ring
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of A and let F denote the set of elements of E that are fixed by the Rosati
involution x [ x- associated to *. We denote by F0 the set of elements of
F whose characteristic polynomials have only positive real roots over the
complex numbers and by U0 the intersection of E* with F0 . It is shown in
[9] that there is a bijection between the set of isomorphism classes of prin-
cipal polarizations of A and the set of orbits of U0 under the action of E*
given by (e, u) [ e-ue. (It is assumed in [9] that the varieties are defined
over the complex numbers, but the proof works for arbitrary base fields.)
If E is commutative, then this orbit space is the group U0 N(E*), where
N: E*  F* is the map x [ xx- . Now suppose A is a two-dimensional
principally polarized ordinary abelian variety over a finite field and let ? be
the Weil number of A. Suppose that the ring End A is the full ring of
integers OK of the field K=Q(?). Then U0 consists of the totally positive
units of the maximal real subfield K+ of K, and the map x [ xx- is simply
the norm. Under these assumptions we see that A has more than one
isomorphism class of principal polarizations if and only if the index of
N(O*K) inside the group of totally positive units of OK+ is greater than one.
It is not so surprising, then, to see that this group index plays a role in the
criterion for an isogeny class to be amenable that is given in our next
theorem. Before stating the theorem, we note that this index is bounded
above by the index of (O*K+)
2 in the group of totally positive units; the
latter index is equal to one if the fundamental unit u of K+ satisfies
NK+Q(u)=&1, and is equal to two otherwise.
Theorem 2. Let C be an isogeny class of absolutely simple two-dimen-
sional ordinary abelian varieties over a finite field k. Let ? be the Weil num-
ber associated to C and let K=Q(?). Then C is amenable if the following
conditions are met:
(i) The ring Z[?, ? ] is the maximal order in K=Q(?).
(ii) The norm map from the class group of K to the narrow class
group of K + is an isomorphism.
(iii) The group NKK+(O*K) has index two inside the group of totally
positive units of K+.
Remark. It is easy to verify that condition (ii) is satisfied if and only if
K is ramified over K+ at a finite prime and the class number of K is equal
to the narrow class number of K+. This gives us one way of checking
whether a given field K satisfies condition (ii).
Proof of Theorem 2. Suppose the three conditions of the theorem hold.
As we mentioned in the proof of Theorem 1, when Z[?, ? ] is equal to the
ring of integers of K the isomorphism classes of abelian varieties in C
correspond to the ideal classes of K. Again as we mentioned in the proof
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of Theorem 1, there is an element B of Cl+(K+) such that an ideal class
U of K corresponds to an isomorphism class of varieties whose members
have principal polarizations if and only if N(U)=B. Since in our situation
the norm is an isomorphism by condition (ii), there is exactly one
isomorphism class of varieties in C whose members have principal
polarizations. Thus C has the first of the two properties necessary to be
amenable.
Let A be an abelian variety in C that has a principal polarization. The
endomorphism ring E of A contains both ? and ? ([15, Proposition 3.5,
p. 531]), so E$OK by condition (i). As we noted just before the statement
of the theorem, when End A is equal to the ring of integers of K, the num-
ber of isomorphism classes of principal polarizations of A is equal to the
index of NKK+(O*K) in the group of totally positive units of K+. By condi-
tion (iii), there are two isomorphism classes of principal polarizations on
A. Thus, C has both of the properties it must have in order to be
amenable. K
Using Theorem 2 we can find other examples like the one in Theorem 1.
For instance, the polynomial h=x4+2x3+4x2+6x+9 defines the Weil
number of an isogeny class of absolutely simple ordinary abelian varieties
over F3 that satisfies the conditions of Theorem 2, so this isogeny class is
amenable. After a short search, we find that the two curves y2=x6&x4&
x2+x and y2=x6&x4&x2+x+1 over F3 have the right number of
points for their Jacobians to be in the isogeny class defined by h, but they
are not isomorphic to one another. This gives us another example of two
non-isomorphic curves with isomorphic absolutely simple Jacobians. Com-
putations using the number-theoretic calculating program PARIGP
indicate that the only other Weil numbers over F3 that define absolutely
simple ordinary varieties and that satisfy the conditions of Theorem 2 lead
us to the quadratic twists of the examples we have already found. Further
examples over other small fields exist and are not too hard to construct.
Amenable isogeny classes over larger finite fields can be found by start-
ing with a number field with the right class group and unit group proper-
ties and then looking for Weil numbers that generate it. For example, let
K=Q(?) be the field we defined in the proof of Theorem 1, so that we
know already that K satisfies conditions (ii) and (iii) of Theorem 2. The
prime 41 splits completely in K, and the product of two of the ideals over
it is the principal ideal generated by the element \=(&?3&2?2&
4?+18)3. The minimal polynomial of \ is x4&21x3+187x2&861x+
1681, and \ is a Weil number corresponding to an isogeny class C of
absolutely simple two-dimensional ordinary abelian varieties over F41 . One
can check that Z[\, \ ] is the ring of integers of K. By Theorem 2, the
isogeny class C is amenable. With some effort, one can find the equations
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for two non-isomorphic curves over F41 whose Jacobians lie in C: for
instance, y2=x5+5x3+3x2+6x&7 and y2=x5+7x3+3x2&17x&11
will do. Thus we have yet another example of two non-isomorphic curves
whose Jacobians are absolutely simple and isomorphic to one another. This
method can be used to find Weil numbers for amenable isogeny classes
over other finite fields, but the problem of finding curves with the right
number of points becomes increasingly difficult as the base field gets larger.
Finally, we note that there also exist examples of geometrically non-
isomorphic curves of genus three with isomorphic absolutely simple
Jacobians. For example, let C be the hyperelliptic curve over F3 defined by
y2=x7&x5+x4&x2+1 and let D be the non-singular plane quartic curve
over F3 defined by y4+y3+(&x&1) y2+(x3&x2) y+(&x2+1)=0.
One can show that C and D both have 7 points over F3 , 17 points over
F9 , and 31 points over F27 . Thus their Jacobians have the same Weil num-
ber ?, which is a root of h=x6+3x5+8x4+16x3+24x2+27x+27. The
ring Z[?, ? ] is the full ring of integers of the CM-field K=Q(?) and the
norm map from Cl(K) to Cl+(K+) is an isomorphism, so an argument like
the one used in the proof of Theorem 1 shows that the curves C and D
have isomorphic absolutely simple Jacobians. Since C is hyperelliptic and
D is not, the two curves are clearly not geometrically isomorphic to one
another.
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